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Ballistic electrons in phosphorene pn junctions show optical-like phenomena. Phosphorene is
modeled by a tight-binding Hamiltonian that describes its electronic structure at low energies,
where the electrons behave in the zigzag direction as massive Dirac fermions and in the orthogonal
armchair direction as Schro¨dinger electrons. Applying the continuum approximation, we derive the
electron optics laws in phosphorene pn junctions, which show very particular and unusual properties.
Due to the anisotropy of the electronic structure, these laws depend strongly on the orientation of
the junction with respect to the sublattice. Negative and anomalous reflection are observed for
tilted junctions, while the typical specular reflection is found only, if the junction is parallel to
the zigzag or armchair edges. Moreover, omni-directional total reflection, called anti-super Klein
tunneling, is observed if the junction is parallel to the armchair edge. Applying the nonequilibrium
Green’s function method on the tight-binding model, we calculate numerically the current flow. The
good agreement of both approaches confirms the atypical transport properties, which can be used
in nano-devices to collimate and filter the electron flow, or to switch its direction.
I. INTRODUCTION
Electron optics originates from the wave-particle dual-
ity and has lead to outstanding technological applications
like the electron microscope [1]. The rise of graphene and
other two-dimensional materials has given electron optics
recently a new turn, because ballistic ray-like electron
propagation can be observed in these materials at low
energies. The electron rays can be manipulated by ex-
ternal gates that form a pn junction [2–5]. In graphene,
the electrons are refracted at the interface of the junction
following a generalized Snell’s law, where the gate volt-
ages in the different regions play the role of the refractive
indices and cause negative refraction [2]. Moreover, per-
fect transmission at normal incidence can be observed,
which is known as Klein tunneling [6]. These phenom-
ena have been confirmed experimentally [7–9]. Another
recently discussed possibility to manipulate the electron
flow in graphene is to deform the material elastically [10–
16]. These discoveries made it possible to propose new
nano-devices such as superlenses [2, 12, 17], valley beam
splitters [10, 11, 18–26] and collimators [5, 10, 27].
Recently, a monolayer of black phosphorous called
phosphorene has been synthesized [28]. Also phospho-
rene nanoribbons have been produced [29]. The elec-
tronic structure of this material shows (in contrast to
graphene) an intrinsic band-gap and strong anisotropy,
which causes the electrons to behave in one direction like
massive Dirac fermions and in the orthogonal direction
like non-relativistic Schro¨dinger electrons [30–45]. This
unique electronic structure makes phosphorene very at-
tractive for both, fundamental research and technological
applications such as transistors [46–53] and sensors [54].
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In this article, we study theoretically the current flow
in phosphorene pn junctions and answer the question how
electron beams are reflected and transmitted at the inter-
face of the junction. We start from a simple second near-
est neighbor tight-binding model that reproduces well the
electronic structure of phosphorene at low energies. Us-
ing this Hamiltonian, on the one hand, we calculate nu-
merically the current flow by means of the nonequilib-
rium Green’s function (NEGF) method. On the other
hand, applying the continuum approximation, we calcu-
late the semiclassical trajectories of the electrons and de-
rive the laws of reflection and refraction for electron op-
tics in phosphorene pn junctions. Both approaches agree
qualitatively and demonstrate unusual optical phenom-
ena like negative and anomalous reflection, which have
been observed previously only for electromagnetic waves
at the surface of meta materials [55–58]. For certain sys-
tem parameters we also report omni-directional perfect
reflection, called anti super-Klein tunneling, which is the
counterpart of the omnidirectional perfect transmission
of massless Dirac fermions in Dirac materials [17] and
pseudo-spin one systems [59–62]. Our theoretically work
will pave the way to electron optics experiments in phos-
phorene, which to the best of our knowledge have not yet
been performed.
II. MODELING PHOSPHORENE
Phosphorene is a two-dimensional puckered crystal
with four phosphorous atoms in the unit cell, see Fig-
ure 1 (a). A detailed introduction and an overview can
be found in Refs. [31, 35–39]. The electronic structure
of phosphorene is modeled by the tight-binding Hamilto-
nian
H =
∑
〈i,j〉
tij |i〉 〈j|+ H.c., (1)
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Figure 1. (a) Crystal structure of phosphorene. Its electronic structure is modeled by a tight-binding Hamiltonian that takes
into account first (t1) and second (t2 ≈ −3t1) nearest neighbors. The vectors a and b span the part of the unit cell that is in
the xy plane. (b) Projection of all atoms to the xy plane shows that phosphorene can be also understood as a deformed trigonal
lattice with a diatomic basis, as indicated by the different coloring of the atoms. The vector δ connects these two atoms of the
unit cell. (c) The electronic band structure of phosphorene shows a band gap at the Γ point and is highly anisotropic. The
approximately linear dispersion of massive Dirac fermions is observed in the kx direction (d), while the parabolic dispersion of
Schro¨dinger electrons is found along the ky direction (e).
where the |i〉 represent the atomic states localized on the
phosphorous atoms at positions ri. The sum includes
first and second nearest neighbors which are coupled by
the energies t1 = −1.22 eV and t2 = 3.665 eV, respec-
tively [41, 42].
The physical description of phosphorene can be sim-
plified by projecting all atoms on the xy plane keeping
the coupling energies constant [21, 35, 37]. After this
projection, see Figure 1 (b), the phosphorene lattice can
be understood as a strongly deformed honeycomb lattice,
where the armchair edge runs along the x direction while
the zigzag boundary is parallel to the y direction. This
lattice is formed by trigonal basis vectors and has a unit
cell with only two atoms that are connected by the vector
δ of length 0.8 A˚. From this point of view phosphorene
is very similar to deformed graphene. However, the clear
difference between the hopping parameters (t2 ≈ −3t1)
causes very different physical properties. For simplicity
we will continue using the orthogonal basis vectors of
the original phosphorene lattice, a and b, which have a
length of 4.42 A˚ and 3.27 A˚, respectively [40].
Making a plane wave ansatz, the tight-binding Hamil-
tonian can be written as
H(k) =
(
0 g∗(k)
g(k) 0
)
, (2)
where
g(k) = e−ikδ [t2 + 2t1eika/2 cos(kb/2)] (3)
with kδ = k · δ, ka = k · a and kb = k · b. The energy
bands of phosphorene are given by
E(k) = s |g(k)|
= s
√
t22 + 4t1t2 cos(ka/2) cos(kb/2) + 4t
2
1 cos
2(kb/2)
(4)
where s = sgn(E) is the band index. The energy bands,
see Figure 1 (c)-(e), show a direct band gap of 2∆ =
4t1 +2t2 in the center of the Brillouin zone (Γ point) and
are highly anisotropic. The corresponding eigenfunctions
read
Ψk(r) =
1√
2
(
1
seiφ(k)
)
eik·r, (5)
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<latexit sha1_base64="WiZYwiwplU8GKyzWdwsG/qMj4TU=">AAAODH icrVdLb9NAEJ7yKH0QaOHYS0SFBAKqBCTgWKClVCpqoa9IbVX5VduqYwd7k7ak+QscuCH4GdwQR/gP/BcOfDt2tk2bZB0glrOzs/PNN7uzL5u1wE9Eqf Rr6MLFS5eHr4yMjo1fLVy7PjF5YyOJ6rHlrFtREMUV00icwA+ddeGLwKnUYseomoGzae6/kO2bDSdO/ChcE0c1Z6dquKG/51uGgKqyLTxHGLtid2K6N FPiX/G8UM6E6dnxhU9TPyr2SjQ5fEDbZFNEFtWpSg6FJCAHZFCCZ4vKVKIadDvUhC6G5HO7Qy0aA7YOKwcWBrT7+HdR28q0IerSZ8JoCywB3hjIIt3G+ 5I9mrCWrA7kBOVvvO9Z5/ZkaLJnGeERShMeR9nja+gFebDQIauZZTsWPVL2StAePeXe+IivxhrZT0v5mUNLDN0+txRpni1d+DC53sAIhCjXEYEc5baHI vfYRmlw6bCXMPNowF+MUo6+jGcMT2fUaX9k6wN6jvoeXo/zJPsTojzgDFTZUjI0uZ8hIpdZ3uG6ZEygjZVHj/X38bbrMaQmTQPT4kf6T2PtztGA3srF YvIMsVVWZe0sUy+WgOeVniPgsRF0B6MnPRc5eh8Z8qC9m4snoXcDcW115drRcgk6zMUjZ9Ah/gfJyltewXrfnVlPUcUBxrFfDIuoDR5Dihokhl78zzDH koEyedyV6VjLtMprwPuL3iYK+T96vJZzlXTGsJbt2f/Ob8OyBemexs6FVwNyi2sh755yt+yPiqER5zBFXiF+dhLpZ6UN20ZXLxaflCKXj1aXcbS141N TyJo6bQ3w90ctdmXztWzzXXGOFmcgulYmBZA9bWZMlRd5CgqtvctrPJWMrK0/YkEhFnIibB7XVHIg66OaU4i5nAh5h0gyTCr7fAcKNbhGB7LBc2EQfJK ts21GuDlGY1UhVnMiAr53pZLB57WtxSwpzFJuTDrKqeTlmj3Lai4s86p3tYhIIaKciDpijzNMXd3YTN63LHU77s13go442/mx9VMz94Q54HumnrehsG 3e/MjkDDLhbOiiDRXuJNo8SMF3wRR5gBhtxvis1UVb5Rvn6b3NSvdRfCGVz34PnRc2Hs6UH82U3uBT6TGlvxGaols498r0hGbpFa3gBi+/gz7SZ/pS+F D4WvhW+J6aXhjKMDep41f4+QdYGs3l</latexit>
✓i
<latexit sha1_base64="dmX40NFjjURY/WczBNl8cotEdEM=">AAAODH icrVdLb9NAEJ7yKH0QaOHYS0SFBAKqBCTgWKClVCpqoa9IbVX5sbWtOnawnbQlzV/gwA3Bz+CGOMJ/4L9w4Nuxs23aJOsAsZydnZ1vvtmdfdms+V6clE q/hi5cvHR5+MrI6Nj41cK16xOTNzbisB5ZYt0K/TCqmEYsfC8Q64mX+KJSi4RRNX2xae6/kO2bDRHFXhisJUc1sVM1nMDb8ywjgaqynbgiMXa93Ynp0 kyJf8XzQjkTpmfHFz5N/ajYK+Hk8AFtk00hWVSnKgkKKIHsk0Exni0qU4lq0O1QE7oIksftglo0BmwdVgIWBrT7+HdQ28q0AerSZ8xoCyw+3gjIIt3G+ 5I9mrCWrAJyjPI33vesc3oyNNmzjPAIpQmPo+zxNfQJubDQIauZZTsWPVL2KqE9esq98RBfjTWyn5byM4eWCLp9binSPFs68GFyvYERCFCuIwI5ym0PR e6xjdLgUrCXIPNowF+EUo6+jGcMT2fUaX9k6wN6jvoeXpfzJPsToDzgDFTZUjI0uZ8BIpdZ3uG6ZIyhjZRHl/X38bbrEaQmTQPT4kf6T2PtztGA3srF YvIMsVVWZe0sUy8Wn+eVnsPnsUnoDkZPei5y9B4y5EJ7NxdPTO8G4trqyrWj5UroMBePnEGH+B8kK295Bet9d2Y9RRUHGMd+MSyiNngMKWqQGHrxP8Mc iwfK5HFXpmMt0yqvAfcvehsr5P/o8VrOVdIZw1q2Z/87vw3LFqR7GjsHXg3ILa4FvHvK3bI/KoImOYcp8grxspNIPytt2Da6erH4pExy+Wh1GUdbOz4 1hayp09YAf3/UYlc2T8s23xUntDgD0bUyyYfsajNjqrzIUzDR2ju8xlPJyNr6IxYUYiEnwuZxTSUBWR/VnELM5UTIO0ScYVLZ4ztQoME1OpANnguD4ON snW0zwskxGqsKsZoT4fO9K5UMPq9tLWZJYZZyY9JRTiU31+xZVnNhmVe9o0WEChHmRNQRe5Rh6urGZvK+ZanbcW++E3TI2c6PrZ+auSfMPt8z9bwNhW 3z5kfGZ5AxZ0MXbaBwJ9HmQSZ8F0yRB4jRZozHWl20Vb5xnt7brHQfxRdS+ez30Hlh4+FM+dFM6Q0+lR5T+huhKbqFc69MT2iWXtEKbvDyO+gjfaYvhQ +Fr4Vvhe+p6YWhDHOTOn6Fn38AwiDN2g==</latexit>
✓r
<latexit sha1_base64="fhdVc5oAVkLR17SPnd4qa3suH3s=">AAAODH icrVdLb9NAEJ7yKH0QaOHYS0SFBAKqBCTgWKClVCpqoa9IbVX5sbWtOnawnbQlzV/gwA3Bz+CGOMJ/4L9w4Nuxs23aJOsAsZydnZ1vvtmdfdms+V6clE q/hi5cvHR5+MrI6Nj41cK16xOTNzbisB5ZYt0K/TCqmEYsfC8Q64mX+KJSi4RRNX2xae6/kO2bDRHFXhisJUc1sVM1nMDb8ywjgaqynbgiMXaj3Ynp0 kyJf8XzQjkTpmfHFz5N/ajYK+Hk8AFtk00hWVSnKgkKKIHsk0Exni0qU4lq0O1QE7oIksftglo0BmwdVgIWBrT7+HdQ28q0AerSZ8xoCyw+3gjIIt3G+ 5I9mrCWrAJyjPI33vesc3oyNNmzjPAIpQmPo+zxNfQJubDQIauZZTsWPVL2KqE9esq98RBfjTWyn5byM4eWCLp9binSPFs68GFyvYERCFCuIwI5ym0PR e6xjdLgUrCXIPNowF+EUo6+jGcMT2fUaX9k6wN6jvoeXpfzJPsToDzgDFTZUjI0uZ8BIpdZ3uG6ZIyhjZRHl/X38bbrEaQmTQPT4kf6T2PtztGA3srF YvIMsVVWZe0sUy8Wn+eVnsPnsUnoDkZPei5y9B4y5EJ7NxdPTO8G4trqyrWj5UroMBePnEGH+B8kK295Bet9d2Y9RRUHGMd+MSyiNngMKWqQGHrxP8Mc iwfK5HFXpmMt0yqvAfcvehsr5P/o8VrOVdIZw1q2Z/87vw3LFqR7GjsHXg3ILa4FvHvK3bI/KoImOYcp8grxspNIPytt2Da6erH4pExy+Wh1GUdbOz4 1hayp09YAf3/UYlc2T8s23xUntDgD0bUyyYfsajNjqrzIUzDR2ju8xlPJyNr6IxYUYiEnwuZxTSUBWR/VnELM5UTIO0ScYVLZ4ztQoME1OpANnguD4ON snW0zwskxGqsKsZoT4fO9K5UMPq9tLWZJYZZyY9JRTiU31+xZVnNhmVe9o0WEChHmRNQRe5Rh6urGZvK+ZanbcW++E3TI2c6PrZ+auSfMPt8z9bwNhW 3z5kfGZ5AxZ0MXbaBwJ9HmQSZ8F0yRB4jRZozHWl20Vb5xnt7brHQfxRdS+ez30Hlh4+FM+dFM6Q0+lR5T+huhKbqFc69MT2iWXtEKbvDyO+gjfaYvhQ +Fr4Vvhe+p6YWhDHOTOn6Fn38APNjN4w==</latexit>
 r
<latexit sha1_base64="jrJpV+r/epoeKAibpIdIXF5EXGk=">AAAOCn icrVfNbtNAEJ6WvzYQ2sKRS0SFRAVUCSDBjQItpVJRC/2V2qjyX21Txza2k7akeQMOXOExuKFeeQkegXfgwLdjZ9u0SdYBbDk7OzvffLM7+xc99Nw4KZ d/Dg1fuHjp8pWR0cLVa8XrY+MTN9bjoB4Z1poReEG0qWux5bm+tZa4iWdthpGl1XTP2tD3Xor2jYYVxW7gryaHoVWtabbv7rqGlkC1vh067k60Mz5Zm S7zUyqfE9pNkzNjv55NFY7nloOJy/u0TSYFZFCdamSRTwlkjzSK8W5RhcoUQlelJnQRJJfbLWpRAdg6rCxYaNDu4ddGbSvT+qgLnzGjDbB4+CIgS3QH3 yv2qMNasFqQY5S/8X1knd2TocmeRYSHKHV4HGWPb6BPyIGFClnLLNuxqJGiVwnt0lPujYv4QtaIfhrSzyxaIuj2uKVEc2xpw4fO9QZGwEe5hgjEKLc9l LjHJkqNS4u9+JlHDf4ilGL0RTwFvJ1Rp/0RrQ/oBeq7+BzOk+iPj3KfM1BjS8HQ5H76iFxkucp1wRhDG0mPDuvv42vXI0hNmgSmxa/wn8banaMBvZGL RecZYsqsitpZpl4sHs8rNYfHY5PQXYye8Fzi6F1kyIF2KhdPTB8G4trqylVVciV0kItHzKAD/A6SlXe8gtW+O7OeokoDjGO/GBZQGzyGFDVIDL34n2OO xQNl8qgr05GSaYXXgPMXvY0l8n/0eDXnKumMYTXbs/+d34RlC9I9hZ0NrxrkFtd83j3FbtkfFUGTnMOUeIW42UmknpUmbBtdvRh8Uia5fLS6jKOpHJ9 QIkN52mrg749a6MrmKtnmuuIsJU5DdK1M8iA7yszoMi/iFEyU9jav8VTSsrb+iHmJmM+JMHlcU8mCrI5qViJmcyLEHSLOMKns8h3IV+AaHcgGz4VB8HG 2zrYZYecYjRWJWMmJ8PjelUoan9emErMoMYu5Mekop5KTa/YsybmwxKveViICiQhyIuqIPcowdXlj03nfMuTtuDffCTrgbOfH1k/N3BNmj++Zat6GxL Z58yPjM8iYs6GK1pe4k2jzIBO+C6bIfcRoMsZlrSraGt84T+9tRrqPnv6H1FtYfzhdeTRdfou/So8pfUboFt3GuVehJzRDr2kZN3iD3tNn+kJfi5+K34 rfi8ep6fBQhrlJHU/xxx8Fsszc</latexit>  t
<latexit sha1_base64="UvqnlKDx4aJNt1nWgB88p+KI+j0=">AAAOCn icrVfNbtNAEJ6WvzYQ2sKRS0SFRAVUCSDBjQItpVJRC/2V2qjyX21Txza2k7akeQMOXOExuKFeeQkegXfgwLdjZ9u0SdYBbDk7OzvffLM7+xc99Nw4KZ d/Dg1fuHjp8pWR0cLVa8XrY+MTN9bjoB4Z1poReEG0qWux5bm+tZa4iWdthpGl1XTP2tD3Xor2jYYVxW7gryaHoVWtabbv7rqGlkC1vh067k6yMz5Zm S7zUyqfE9pNkzNjv55NFY7nloOJy/u0TSYFZFCdamSRTwlkjzSK8W5RhcoUQlelJnQRJJfbLWpRAdg6rCxYaNDu4ddGbSvT+qgLnzGjDbB4+CIgS3QH3 yv2qMNasFqQY5S/8X1knd2TocmeRYSHKHV4HGWPb6BPyIGFClnLLNuxqJGiVwnt0lPujYv4QtaIfhrSzyxaIuj2uKVEc2xpw4fO9QZGwEe5hgjEKLc9l LjHJkqNS4u9+JlHDf4ilGL0RTwFvJ1Rp/0RrQ/oBeq7+BzOk+iPj3KfM1BjS8HQ5H76iFxkucp1wRhDG0mPDuvv42vXI0hNmgSmxa/wn8banaMBvZGL RecZYsqsitpZpl4sHs8rNYfHY5PQXYye8Fzi6F1kyIF2KhdPTB8G4trqylVVciV0kItHzKAD/A6SlXe8gtW+O7OeokoDjGO/GBZQGzyGFDVIDL34n2OO xQNl8qgr05GSaYXXgPMXvY0l8n/0eDXnKumMYTXbs/+d34RlC9I9hZ0NrxrkFtd83j3FbtkfFUGTnMOUeIW42UmknpUmbBtdvRh8Uia5fLS6jKOpHJ9 QIkN52mrg749a6MrmKtnmuuIsJU5DdK1M8iA7yszoMi/iFEyU9jav8VTSsrb+iHmJmM+JMHlcU8mCrI5qViJmcyLEHSLOMKns8h3IV+AaHcgGz4VB8HG 2zrYZYecYjRWJWMmJ8PjelUoan9emErMoMYu5Mekop5KTa/YsybmwxKveViICiQhyIuqIPcowdXlj03nfMuTtuDffCTrgbOfH1k/N3BNmj++Zat6GxL Z58yPjM8iYs6GK1pe4k2jzIBO+C6bIfcRoMsZlrSraGt84T+9tRrqPnv6H1FtYfzhdeTRdfou/So8pfUboFt3GuVehJzRDr2kZN3iD3tNn+kJfi5+K34 rfi8ep6fBQhrlJHU/xxx8g9Mze</latexit>
 i
<latexit sha1_base64="IIKjb/W/jk+k4fb2Ftons22ALBY=">AAAOCn icrVfNbtNAEJ6WvzYQ2sKRS0SFRAVUCSDBjQItpVJRC/2V2qjyX21Txza2k7akeQMOXOExuKFeeQkegXfgwLdjZ9u0SdYBbDk7OzvffLM7+xc99Nw4KZ d/Dg1fuHjp8pWR0cLVa8XrY+MTN9bjoB4Z1poReEG0qWux5bm+tZa4iWdthpGl1XTP2tD3Xor2jYYVxW7gryaHoVWtabbv7rqGlkC1vh067o67Mz5Zm S7zUyqfE9pNkzNjv55NFY7nloOJy/u0TSYFZFCdamSRTwlkjzSK8W5RhcoUQlelJnQRJJfbLWpRAdg6rCxYaNDu4ddGbSvT+qgLnzGjDbB4+CIgS3QH3 yv2qMNasFqQY5S/8X1knd2TocmeRYSHKHV4HGWPb6BPyIGFClnLLNuxqJGiVwnt0lPujYv4QtaIfhrSzyxaIuj2uKVEc2xpw4fO9QZGwEe5hgjEKLc9l LjHJkqNS4u9+JlHDf4ilGL0RTwFvJ1Rp/0RrQ/oBeq7+BzOk+iPj3KfM1BjS8HQ5H76iFxkucp1wRhDG0mPDuvv42vXI0hNmgSmxa/wn8banaMBvZGL RecZYsqsitpZpl4sHs8rNYfHY5PQXYye8Fzi6F1kyIF2KhdPTB8G4trqylVVciV0kItHzKAD/A6SlXe8gtW+O7OeokoDjGO/GBZQGzyGFDVIDL34n2OO xQNl8qgr05GSaYXXgPMXvY0l8n/0eDXnKumMYTXbs/+d34RlC9I9hZ0NrxrkFtd83j3FbtkfFUGTnMOUeIW42UmknpUmbBtdvRh8Uia5fLS6jKOpHJ9 QIkN52mrg749a6MrmKtnmuuIsJU5DdK1M8iA7yszoMi/iFEyU9jav8VTSsrb+iHmJmM+JMHlcU8mCrI5qViJmcyLEHSLOMKns8h3IV+AaHcgGz4VB8HG 2zrYZYecYjRWJWMmJ8PjelUoan9emErMoMYu5Mekop5KTa/YsybmwxKveViICiQhyIuqIPcowdXlj03nfMuTtuDffCTrgbOfH1k/N3BNmj++Zat6GxL Z58yPjM8iYs6GK1pe4k2jzIBO+C6bIfcRoMsZlrSraGt84T+9tRrqPnv6H1FtYfzhdeTRdfou/So8pfUboFt3GuVehJzRDr2kZN3iD3tNn+kJfi5+K34 rfi8ep6fBQhrlJHU/xxx+K+szT</latexit>
(c)(b)
 t
<latexit sha1_base64="UvqnlKDx4aJNt1nWgB88p+KI+j0=">AAAOCn icrVfNbtNAEJ6WvzYQ2sKRS0SFRAVUCSDBjQItpVJRC/2V2qjyX21Txza2k7akeQMOXOExuKFeeQkegXfgwLdjZ9u0SdYBbDk7OzvffLM7+xc99Nw4KZ d/Dg1fuHjp8pWR0cLVa8XrY+MTN9bjoB4Z1poReEG0qWux5bm+tZa4iWdthpGl1XTP2tD3Xor2jYYVxW7gryaHoVWtabbv7rqGlkC1vh067k6yMz5Zm S7zUyqfE9pNkzNjv55NFY7nloOJy/u0TSYFZFCdamSRTwlkjzSK8W5RhcoUQlelJnQRJJfbLWpRAdg6rCxYaNDu4ddGbSvT+qgLnzGjDbB4+CIgS3QH3 yv2qMNasFqQY5S/8X1knd2TocmeRYSHKHV4HGWPb6BPyIGFClnLLNuxqJGiVwnt0lPujYv4QtaIfhrSzyxaIuj2uKVEc2xpw4fO9QZGwEe5hgjEKLc9l LjHJkqNS4u9+JlHDf4ilGL0RTwFvJ1Rp/0RrQ/oBeq7+BzOk+iPj3KfM1BjS8HQ5H76iFxkucp1wRhDG0mPDuvv42vXI0hNmgSmxa/wn8banaMBvZGL RecZYsqsitpZpl4sHs8rNYfHY5PQXYye8Fzi6F1kyIF2KhdPTB8G4trqylVVciV0kItHzKAD/A6SlXe8gtW+O7OeokoDjGO/GBZQGzyGFDVIDL34n2OO xQNl8qgr05GSaYXXgPMXvY0l8n/0eDXnKumMYTXbs/+d34RlC9I9hZ0NrxrkFtd83j3FbtkfFUGTnMOUeIW42UmknpUmbBtdvRh8Uia5fLS6jKOpHJ9 QIkN52mrg749a6MrmKtnmuuIsJU5DdK1M8iA7yszoMi/iFEyU9jav8VTSsrb+iHmJmM+JMHlcU8mCrI5qViJmcyLEHSLOMKns8h3IV+AaHcgGz4VB8HG 2zrYZYecYjRWJWMmJ8PjelUoan9emErMoMYu5Mekop5KTa/YsybmwxKveViICiQhyIuqIPcowdXlj03nfMuTtuDffCTrgbOfH1k/N3BNmj++Zat6GxL Z58yPjM8iYs6GK1pe4k2jzIBO+C6bIfcRoMsZlrSraGt84T+9tRrqPnv6H1FtYfzhdeTRdfou/So8pfUboFt3GuVehJzRDr2kZN3iD3tNn+kJfi5+K34 rfi8ep6fBQhrlJHU/xxx8g9Mze</latexit>
 r
<latexit sha1_base64="jrJpV+r/epoeKAibpIdIXF5EXGk=">AAAOCn icrVfNbtNAEJ6WvzYQ2sKRS0SFRAVUCSDBjQItpVJRC/2V2qjyX21Txza2k7akeQMOXOExuKFeeQkegXfgwLdjZ9u0SdYBbDk7OzvffLM7+xc99Nw4KZ d/Dg1fuHjp8pWR0cLVa8XrY+MTN9bjoB4Z1poReEG0qWux5bm+tZa4iWdthpGl1XTP2tD3Xor2jYYVxW7gryaHoVWtabbv7rqGlkC1vh067k60Mz5Zm S7zUyqfE9pNkzNjv55NFY7nloOJy/u0TSYFZFCdamSRTwlkjzSK8W5RhcoUQlelJnQRJJfbLWpRAdg6rCxYaNDu4ddGbSvT+qgLnzGjDbB4+CIgS3QH3 yv2qMNasFqQY5S/8X1knd2TocmeRYSHKHV4HGWPb6BPyIGFClnLLNuxqJGiVwnt0lPujYv4QtaIfhrSzyxaIuj2uKVEc2xpw4fO9QZGwEe5hgjEKLc9l LjHJkqNS4u9+JlHDf4ilGL0RTwFvJ1Rp/0RrQ/oBeq7+BzOk+iPj3KfM1BjS8HQ5H76iFxkucp1wRhDG0mPDuvv42vXI0hNmgSmxa/wn8banaMBvZGL RecZYsqsitpZpl4sHs8rNYfHY5PQXYye8Fzi6F1kyIF2KhdPTB8G4trqylVVciV0kItHzKAD/A6SlXe8gtW+O7OeokoDjGO/GBZQGzyGFDVIDL34n2OO xQNl8qgr05GSaYXXgPMXvY0l8n/0eDXnKumMYTXbs/+d34RlC9I9hZ0NrxrkFtd83j3FbtkfFUGTnMOUeIW42UmknpUmbBtdvRh8Uia5fLS6jKOpHJ9 QIkN52mrg749a6MrmKtnmuuIsJU5DdK1M8iA7yszoMi/iFEyU9jav8VTSsrb+iHmJmM+JMHlcU8mCrI5qViJmcyLEHSLOMKns8h3IV+AaHcgGz4VB8HG 2zrYZYecYjRWJWMmJ8PjelUoan9emErMoMYu5Mekop5KTa/YsybmwxKveViICiQhyIuqIPcowdXlj03nfMuTtuDffCTrgbOfH1k/N3BNmj++Zat6GxL Z58yPjM8iYs6GK1pe4k2jzIBO+C6bIfcRoMsZlrSraGt84T+9tRrqPnv6H1FtYfzhdeTRdfou/So8pfUboFt3GuVehJzRDr2kZN3iD3tNn+kJfi5+K34 rfi8ep6fBQhrlJHU/xxx8Fsszc</latexit>
 i
<latexit sha1_base64="IIKjb/W/jk+k4fb2Ftons22ALBY=">AAAOCn icrVfNbtNAEJ6WvzYQ2sKRS0SFRAVUCSDBjQItpVJRC/2V2qjyX21Txza2k7akeQMOXOExuKFeeQkegXfgwLdjZ9u0SdYBbDk7OzvffLM7+xc99Nw4KZ d/Dg1fuHjp8pWR0cLVa8XrY+MTN9bjoB4Z1poReEG0qWux5bm+tZa4iWdthpGl1XTP2tD3Xor2jYYVxW7gryaHoVWtabbv7rqGlkC1vh067o67Mz5Zm S7zUyqfE9pNkzNjv55NFY7nloOJy/u0TSYFZFCdamSRTwlkjzSK8W5RhcoUQlelJnQRJJfbLWpRAdg6rCxYaNDu4ddGbSvT+qgLnzGjDbB4+CIgS3QH3 yv2qMNasFqQY5S/8X1knd2TocmeRYSHKHV4HGWPb6BPyIGFClnLLNuxqJGiVwnt0lPujYv4QtaIfhrSzyxaIuj2uKVEc2xpw4fO9QZGwEe5hgjEKLc9l LjHJkqNS4u9+JlHDf4ilGL0RTwFvJ1Rp/0RrQ/oBeq7+BzOk+iPj3KfM1BjS8HQ5H76iFxkucp1wRhDG0mPDuvv42vXI0hNmgSmxa/wn8banaMBvZGL RecZYsqsitpZpl4sHs8rNYfHY5PQXYye8Fzi6F1kyIF2KhdPTB8G4trqylVVciV0kItHzKAD/A6SlXe8gtW+O7OeokoDjGO/GBZQGzyGFDVIDL34n2OO xQNl8qgr05GSaYXXgPMXvY0l8n/0eDXnKumMYTXbs/+d34RlC9I9hZ0NrxrkFtd83j3FbtkfFUGTnMOUeIW42UmknpUmbBtdvRh8Uia5fLS6jKOpHJ9 QIkN52mrg749a6MrmKtnmuuIsJU5DdK1M8iA7yszoMi/iFEyU9jav8VTSsrb+iHmJmM+JMHlcU8mCrI5qViJmcyLEHSLOMKns8h3IV+AaHcgGz4VB8HG 2zrYZYecYjRWJWMmJ8PjelUoan9emErMoMYu5Mekop5KTa/YsybmwxKveViICiQhyIuqIPcowdXlj03nfMuTtuDffCTrgbOfH1k/N3BNmj++Zat6GxL Z58yPjM8iYs6GK1pe4k2jzIBO+C6bIfcRoMsZlrSraGt84T+9tRrqPnv6H1FtYfzhdeTRdfou/So8pfUboFt3GuVehJzRDr2kZN3iD3tNn+kJfi5+K34 rfi8ep6fBQhrlJHU/xxx+K+szT</latexit>
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Figure 2. Electron optics in a phosphorene pn junction. (a) The gate-induced electrostatic potential V shifts the energy bands
of phosphorene and generates a pn junction. In the left region I the electrons of energy E belong to the conduction band
(orange), while in the right region II they are in the valance band (blue). (b) The interface of the junction (violet solid line) is
tilted by the angle α, which is an important parameter due to the anisotropy of phosphorene’s electronic structure. An incident
electron beam (black solid line) with pseudo-spin φi (red arrow) hits the interface under the angle θi. It is reflected (atypically)
under the angle θr with pseudo-spin φr, while it is transmitted under the angle θt with pseudo-spin φt. (c) Kinematical
construction in the momentum space. The closed curves are constant energy contours. The current density (or group velocity)
vectors are represented by the black arrows, which are orthogonal to the energy contours. The green semi-arcs indicate the
regions where the current density j⊥ is conserved. The blue-dashed line represents the conservation of the parallel momentum
k||. Its intersection points with the constant energy contours determine the reflected and transmitted states (orange arrows).
with the phase (or pseudo-spin)
φ(k) = arctan
(
Im[g(k)]
Re[g(k)]
)
= arctan
(
λ1(k) cos(kδ)− λ2(k) sin(kδ)
λ2(k) cos(kδ) + λ1(k) sin(kδ)
)
, (6)
which is a function of λ1(k) = 2t1 sin(ka/2) cos(kb/2) and
λ2(k) = t2 + 2t1 cos(ka/2) cos(kb/2). Note that the pref-
actor e−ikδ in (3) is frequently omitted because it cancels
out in the calculation of the energy bands. However, the
electron propagation will be described incorrectly if this
term is not included in the eigenfunctions, because their
phase depends explicitly on kδ.
The anisotropy of the energy bands of phosphorene is
observed more clearly, if the Hamiltonian (2) is expanded
around the Γ point1
Heff = σx
(
∆ +
p2x
2mx
+
p2y
2my
)
+ σyvpx, (7)
where mx = 2/
(−t1a2 + 2δ(2at1 − δ∆)) and my =
−2/ (t1b2) are the anisotropic masses, and v = at1 − δ∆
1 Note that in contrast to graphene, where the Dirac cones are
located at the sixK points, the band gap in phosphorene appears
at the single Γ point in the center of the Brillouin zone.
is the velocity along the x direction. The energy bands
take the form
Es = s
√(
∆ +
p2x
2mx
+
p2y
2my
)2
+ v2p2x (8)
and show clearly the hybrid behavior of the electrons in
the different directions. If py = 0, the electrons behave
approximately as massive Dirac fermions with velocity
vF =
√
v2 + ∆/mx and rest mass m0 = ∆/v
2
F . If px = 0,
the electrons have the parabolic dispersion of Schro¨dinger
electrons.
To conclude this section, the electronic band structure
in Figure 1 (c)-(e) shows that the used second nearest
neighbor tight-binding model reproduces well the essen-
tial electronic properties of phosphorene at low energies,
namely a band gap and strong anisotropy. Taking into
account higher orders modify the size of the band gap,
but will not change qualitatively the shape of the elec-
tronic structure (at low energies), which is the basis for
electron optics to be discussed in the following sections.
III. ELECTRON OPTICS IN PHOSPHORENE
PN JUNCTIONS
A phosphorene pn junction is constituted by a mono-
layer of black phosphorous with two differently doped
regions, I and II, respectively. These regions, which are
indicated in Figure 2 (b) by different background color
4shadings, are realized experimentally by gates that in-
duce different electrostatic potentials. These potentials
shift the electronic structure and hence, change the elec-
tron densities, see Figure 2 (a). Without loss of gener-
ality, we assume that the electrostatic potential is zero
in the white-shaded region I, where the electrons will be
injected, while it has the value V in the blue-shaded re-
gion II. At the interface between the regions the electrons
are reflected and refracted in different directions, simi-
lar to a light beam that passes from one medium to an-
other. Using the continuum approximation of phospho-
rene, we consider the interface as a straight line without
any corrugation due to the lattice structure. Moreover,
we assume that at the interface the potential changes
abruptly on the length scale defined by the Fermi wave-
length λF = 2pi/|k|. This assumption is made because
the band gap of phosphorene damps drastically the trans-
mission through a junction with a smooth potential pro-
file.
As phosphorene is a material with an anisotropic elec-
tronic structure, the transport properties through the pn
junction depend on the orientation of the junction with
respect to the phosphorene lattice, which is measured in
the following by the angle α. The incident electron beam
with energy E hits the interface of the junction under the
angle θi. These four parameters, V , α, E, θi, which have
a clear physical meaning, will be used in the following to
characterize the system. All other quantities will be cal-
culated as a function of these parameters. For example,
the wave vector ki of the incident electrons is calculated
by using (4) to obtain
ka = 2 arccos
(
E2 − t22 − 4t21 cos2(kb/2)
4t1t2 cos(kb/2)
)
(9)
and by taking into account that the angle of incidence is
related to the group velocity ∂E/∂k by means of2
vy
vx
= tan θi =
b
a
(
tan(kb/2)
tan(ka/2)
+
2t1 sin(kb/2)
t2 sin(ka/2)
)
. (10)
These two equations allow to determine the two compo-
nents of ki, as well as the pseudo-spin φi by means of
(6).
The reflection and refraction laws of the electrons at
the interface of the pn junction are determined by the
conservation of the electron energy E, the parallel com-
ponent of the momentum k|| = −kx sinα + ky cosα and
the normal component of the current density j⊥ (due
to the translational symmetry along interface and the
continuity equation). These quantities are sketched in
the kinematical construction in Figure 2 (c). The closed
curves are constant energy contours in the regions I and
2 We do not use here the expansion of the band structure around
the Γ, because this causes already at relatively low energies dis-
crepancies to the numerical simulations.
II. They have different size due to the electrostatic po-
tential in region II. The straight blue-dashed line is given
by ky = (kx − ki,x) tanα + ki,y and represents the con-
servation of k||. Its intersection points with the constant
energy contours determine the wave vectors kr/t of the
reflected and transmitted electrons. Note that the green
semi-arcs indicate the regions where j⊥ is conserved and
hence, the correct solution for kt. With these wave vec-
tors, we can calculate the pseudo-spins φr and φt from
(6), as well as the angles of reflection θr and refraction
θt using (10), which constitute the electron optics laws
in phosphorene pn junctions. An important consequence
of the anisotropy of phosphorene’s band structure is the
fact that the current density (group velocity), momen-
tum, and pseudo-spin are not always parallel. Therefore,
the pseudo-spin angles φ and φr can not be interpreted
as the angles of incidence and refraction respectively, as
is usually the case for isotropic systems like graphene
[63]. This causes new and interesting phenomena to be
discussed in Section V, which can be understood mainly
by the fact that the pseudo-spin is conserved in the pn
junction as the electrostatic potential does not break the
sublattice symmetry.
In order to obtain the probabilities of reflections R and
transmission T , we consider the wave function in region I
ΨI(r) =
1√
2
(
1
seiφi
)
eiki·r +
r√
2
(
1
seiφr
)
eikr·r (11)
and in region II
ΨII(r) =
t√
2
(
1
s′eiφt
)
eikt·r, (12)
where s = sgn(E) and s′ = sgn(E − V ) are the band
indices in the two regions. The amplitudes of reflection r
and transmission t are calculated by using the continuity
of the wave function at the interface. Finally, due to the
conservation of the probability T = 1 − |r|2, we obtain
for the transmission probability
T =
2 sin[φt − (φr + φi)/2] sin[(φi − φr)/2]
ss′ − cos(φt − φr) . (13)
Note that the transmission is given as a function of the
pseudo-spins, which in turn depend on the parameters
V , α, E and θ, see (6), (9) and (10). Hence, T is an
(implicit) function of these four parameters as we will
demonstrate in Section V.
IV. THE NEGF METHOD FOR THE CURRENT
FLOW
Apart from the laws of reflection and refraction derived
in the previous section, we will also calculate numerically
the quantum coherent current flow in the phosphorene pn
junctions, starting from the tight-binding Hamiltonian of
a finite system and applying the nonequilibrium Green’s
5(b)(a)
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Figure 3. Current flow in a phosphorene nanoribbon without an electrostatic potential (V = 0). Electrons with energy
E = 1.2 |t1| are injected at the left (a) and bottom (b) edge of the nanoribbon. The current density is indicated by the red
color shading and its vector field by the yellow arrows. Ray-like ballistic electron propagation can be observed in both cases,
although the diffraction of the electron beam is stronger in the y direction (b) than in the x direction (a).
function method (NEGF). As this method does not make
use of the continuum approximation, it allows us to con-
firm numerically the electron optics laws. Moreover, wave
effects like diffraction and interference are included which
go beyond the ray-like trajectories of geometric optics.
In the following, we will summarize briefly the essential
equations of the NEGF method. A detailed introduction
can be found, for example, in Refs. [64, 65]. The Green’s
function of the system is given by
G(E) = (E −H − ΣV − ΣC)−1, (14)
where E is the energy of the electrons (times a unit
matrix), H is the tight-binding Hamiltonian (1) and
ΣV =
∑
n Vn |n〉 〈n| the electrostatic potential with
Vn =

0 if dn ≤ −w (region I)
(dn/w + 1)V/2 if −w < dn < w (interface)
V if dn ≥ w (region II)
,
(15)
where dn is the distance to the interface and 2w ∼ 5a
its width. Hence, we assume that on the atomic scale
the junction has some smoothness (see below). In or-
der to suppress boundary effects and mimic an infinite
system, we place a constant complex potential ΣC =
−i∑n∈edge |n〉 〈n| at the edges of the system, which ab-
sorbs the electrons.
The electrons are injected at the edges of the system
as plane waves propagating towards the interface of the
pn junction. Their momentum k, which in general does
not indicate the direction of propagation, is calculated
from the input parameters E and θ using (9) and (10).
The injection is represented by the inscattering function
ΣinS =
∑
n,m∈edge
A(rn)A(rm)ψ
∗
k(rn)ψk(rm) |n〉 〈m| (16)
where the sum is over all atoms of the edge where the
electrons are injected (for example, all atoms at the left
edge in Figure 3 (a)). The ψk(rm) are the eigenstates in
(5) evaluated at the position rn of the atoms at the edge.
The function
A(r) = exp
(− |r − r0|2 /d20) (17)
gives a Gaussian profile to the injected electron wave
packet. The parameter r0 and d0 control the position
and width of the injected electron beam. Finally, the
current flowing between the atoms at positions rn and
rm is calculated by means of
Inm = Im(t
∗
nmG
in
nm), (18)
where
Gin = GΣinSG
†. (19)
Good agreement between the quantum current flow
and the trajectories of geometric optics can be expected
only in the specific parameter regime, where the Fermi
wavelength of the electrons λF is much larger than the
interatomic distances a, b and the junction width w (jus-
tifying the approximations of the continuum and a sharp
junction), but smaller than the system size (Lx, Ly),
a, b, w  λF = 2pi|k|  Lx, Ly. (20)
In the following, we consider in our numerical stud-
ies a phosphorene nanoribbon of size (Lx, Ly) = 500 ×
500 a ≈ 220 × 220 nm, which consists of approximately
1.4 million atoms. Electrons are injected at the en-
ergy E = ∆ + 0.2t1 ≈ 1.2 |t1| ≈ 1.46 eV, which corre-
sponds to a Fermi wavelength λF ≈ 12a. The width of
the electron beam is d0 = 0.2Lx. The electron flow in
absence of an electrostatic potential (V = 0) is shown
in Figure 3 and confirms the ballistic, ray-like propaga-
tion of the electrons. Interestingly, we observe that the
diffraction of the electrons is stronger in the y direction
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Figure 4. Electron optics laws in a phosphorene pn junction with V = 2E and electrons with energy E = 1.2 |t1| . (a) Reflection
angle θr as a function of the incidence angle θi for various tilting angles α of the junction. In general, atypical reflection (θr 6= θi)
is observed. The curves within the gray shaded squares indicate negative reflection. Typical reflection θr = θi is found only if
α = 0◦,±90◦. The reflection laws are also valid for asymmetric junctions (V 6= 2E), but θt = −θr holds only for the symmetric
case. (b) Difference of the pseudo-spins for the incident and transmitted electrons, φi − φt. (c,d) Transmission as a function of
θi and α. Omnidirectional total reflection, called anti super-Klein tunneling, is observed in junctions with α = ±90◦, because
the pseudo-spins of the incident and transmitted electrons are anti-parallel. Note that the white regions in (d) correspond to
a high degree of reflection.
(Schro¨dinger fermions) than in the x direction (massive
Dirac fermions). We will address this observation in our
future work. From now on, we will measure all energies
in multiples of |t1| and distances in multiples of a.
V. NEGATIVE REFLECTION AND ANTI
SUPER-KLEIN TUNNELING
We evaluate the electron optics laws in phosphorene pn
junctions, which were derived in Section III, discuss their
properties and compare with the current flow calculated
numerically by the NEGF method. We consider a pn
junction with V = 2E, where the electrons go from the
conduction band in region I to the valence band in region
II. The reflection angle θr as a function of the incidence
angle θi is shown in Figure 4 (a) for various junction
angles α. The typical reflection law θr = θi of optics
is found only for junctions parallel to the x (α = 0◦)
and y axes (α = ±90◦), but in general θr is a non-linear
function of θi.
Remarkably, we find negative reflection for certain pa-
rameters, see the curves within the gray shaded regions
in Figure 4 (a). Negative reflection is observed in tilted
junctions for incidence angles 0 < |θi| < |θM |, where θM
is the incidence angle for normal reflection, see the in-
tersection points of the curves in Figure 4 (a) with the
horizontal θr = 0
◦ line. For |θi| > |θM |, anomalous re-
flection is observed, because θi and θr have the same sign
but different values. Moreover, retroreflection θr = −θi
emerges for certain incidence angles, see the intersection
points of the curves in Figure 4 (a) with the black-dotted
line. Note that these atypical reflection laws in phospho-
rene pn junctions are independent of V and hence also
valid for junctions with V 6= 2E. In symmetric junc-
tions (V = 2E), we can also confirm numerically that
θr = −θt and hence, negative reflection goes along with
positive refraction and vice versa.
All these unusual properties are confirmed in Figure 5
which shows the current flow paths calculated numeri-
cally by the NEGF method together with the trajectories
from geometric optics. The upper panels (a-c) show three
cases of normal incidence but the different orientations
of the junction causes that the reflection and refraction
of the electrons are very different. Typical (specular) re-
flection is observed in the panels (d,e), while negative
reflection is found in panel (f). Note that the absorption
of the electrons at the edges due to the complex poten-
tial is not perfect and hence, typical reflection is observed
at the edges. The numerically calculated current densi-
ties show in some cases a ripple pattern, which is on the
length scale of the Fermi wavelength and caused by the
interference of electron beams of finite width.
The observed atypical reflection law can be explained
by the anisotropy of phosphorene’s electronic structure
and the tilting of the junction. Due to these, the inter-
section points of the blue-dashed line in Figure 2 (c) with
the constant energy contours represent states having dif-
ferent parallel group velocity component, although the
linear momentum along the interface is conserved. Only
if α = 0◦,±90◦, the intersection points represent states
with the same parallel group velocity component causing
typical reflection. Note that the atypical reflection can
also be explained by the fact that the tilting of the junc-
tion breaks the mirror symmetry with respect to the kx
and ky axes in momentum space.
The transmission shown in Figure 4 (c-d) changes with
the tilting of the junction α. Klein tunneling, one of the
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Figure 5. Current flow in a phosphorene pn junction with V = 2E and E = 1.2 |t1| for different tiltings of the junction.
The interface of the junction is indicated by a black-dashed line and its normal by a black-dotted line. The numerically
calculated current flow paths (the red color shading indicates the current density, the yellow arrows the current vector field),
agree qualitatively with the ray-like trajectories (solid lines) of geometric optics and hence, confirm the electron optics laws
derived in Section III. (a-c) Three different cases of normal incidence show that the reflection and refraction of the electron
beams depend strongly on the tilting α. (d,e) Typical (specular) reflection is found only if α = 0◦,±90◦. (f) Negative reflection
of the electron beam is observed at the interface of the junction, while typical reflection is found at the the edges of the system.
(b,e) For junctions with α = ±90◦, we observe omni-directional total reflection, called anti super-Klein tunneling, which is due
to the fact that the pseudo-spins of the incident and transmitted electrons are anti-parallel.
outstanding properties of graphene [6, 7], is not observed
in phosphorene, because T < 1. More notably, we ob-
serve zero transmission in a junction with α = ±90◦ for
all incidence angles. This omni-directional total reflec-
tion, called anti-super Klein tunneling, is confirmed nu-
merically in Figure 5 (b,e). In contrast to the typical
total reflection, it is not caused by the absence of elec-
tronic states but can be explained by the fact that the
pseudo-spins of the incident and transmitted electrons
are anti-parallel. The absence of Klein tunneling is also
due to these pseudo-spin differences φi−φt shown in Fig-
ure 4 (b). Interestingly, the difference is quite similar to
the transmission, though an exact scaling law cannot be
established. Note that phosphorene’s anisotropic energy
bands and the tilting of the pn junction can also cause
asymmetric Veselago lenses, such as those predicted for
uniaxially strained graphene [12].
In asymmetric phosphorene pn junctions, where V 6=
2E, further interesting electron-optics phenomena can be
observed. In Figure 6 the electrostatic potential is in-
creased to higher energies V ∼ 3.5 |t1|, while the elec-
tron energy E = 1.2 |t1| is kept constant. We observe
that the electrons are refracted in a very narrow window,
|θt| . 1◦, compared to the broad range of incident angles
ranging from −90◦ to 90◦. The transmission is decaying
almost linearly from T ≈ 0.5 at normal incidence to zero
at θi = ±90◦, see Figure 6 (b). Hence, the pn junction
acts a collimator and a filter, because the transmitted
electrons are aligned to flow all in the same direction and
the normally incident electrons are transmitted preferen-
tially. Such collimation effect can be obtained also in a
graphene superlattice [27] but not in a single graphene
pn junction. The numerically calculated current flow in
Figure 6 (c,d) confirms these effects. A narrow electron
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Figure 6. Collimation of electrons in phosphorene pn junctions. (a) Refraction angle as a function of the incidence angle
for electrons with energy E = 1.2 |t1| and different values of the electrostatic potential V . (b) Transmission as a function of
the incidence angle. (c,d) Numerically calculated current flow for a narrow electron beam in absence (c) and presence (d) of
the electrostatic potential. Note that a logarithmic scale is used for the red color shading of the current density, because the
diffraction naturally reduces its density. All panels show that a phosphorene pn junction can act as a collimator, because the
electrons are transmitted all in the same direction normal to the junction. It also acts as a filter because normally incident
electrons are transmitted preferentially.
beam is injected at the left system edge. In absence of
the electrostatic potential it shows strong diffraction (c),
while in presence of the potential the collimation and fil-
tering of the electrons can be observed clearly (d).
VI. CONCLUSIONS
The ballistic electron flow in phosphorene pn junctions
has been studied theoretically. We have started with a
second nearest neighbor tight-binding Hamiltonian that
captures the essential features of phosphorene’s electronic
structure at low energies, namely a band gap and strong
anisotropy. Due to this anisotropy the electrons behave
in one direction as massive Dirac fermions and in the
orthogonal direction as Schro¨dinger electrons, leading to
unusual transport properties.
Applying the continuum approximation, we have de-
rived the electron optics laws in phosphorene which show
very particular properties. Because of the anisotropy of
the electronic structure, the orientation of the pn junc-
tion with respect to the sublattice is an important param-
eter, see Figure 2. For tilted junctions 0◦ < |α| < 90◦, we
find negative and anomalous reflection, where θr 6= θi,
see Figure 4. Such atypical properties have been ob-
served for the reflection of acoustic and electromagnetic
waves at the surface of metamaterials [55–58], but – to
the best of our knowledge – not yet for the electron flow
in a nano-material. The typical reflection law θr = θi
is obtained only for junctions aligned with the x or y
axis of the system. Moreover, for junctions parallel to
the y axis, we observe omni-directional total reflection,
called anti-super Klein tunneling, which is explained by
the fact that the pseudo-spins are anti-parallel in the two
regions of the junction. This effect is the counterpart
of the omni-directional perfect transmission of massless
Dirac fermions in Dirac materials [17] and pseudo-spin
one systems [59–62]. We have also applied the NEGF
method on the tight-binding model to calculate numeri-
cally the current flow in finite phosphorene nanoribbons.
The good agreement of both approaches confirms clearly
the electron optics laws in phosphorene, see Figure 5,
but also reveals additional interference effects due to the
wave nature of the electron beams.
The exiting transport properties reported in this work
will certainly help to pave the way to the first electron
optics experiments in phosphorene pn junctions, but may
also have various nano-technological applications. It has
been shown in Figure 6 that the anisotropy of the elec-
tronic structure can be used to construct a collimator and
filter of electron beams. The anti-super Klein tunneling
can be used to confine and guide efficiently an electron
beam, or to switch its direction by turning on and off the
electrostatic potential.
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